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THE LARGE N LIMIT OF ORBIFOLD VERTEX OPERATOR ALGEBRAS
THOMAS GEMU¨NDEN AND CHRISTOPH A. KELLER
Abstract. We investigate the large N limit of permutation orbifolds of vertex operator algebras. To
this end, we introduce the notion of nested oligomorphic permutation orbifolds and discuss under which
conditions their fixed point VOAs converge. We show that if this limit exists, then it has the structure
of a vertex algebra. Finally, we give an example based on GL(N, q) for which the fixed point VOA limit
is also the limit of the full permutation orbifold VOA.
1. Introduction
Vertex Operator Algebras (VOA) and their conformal field theories (CFT) play an important in
the AdS/CFT correspondence [Mal98, AGM+00]. The correspondence conjecturally maps theories of
quantum gravity to certain types of VOAs. Such VOAs tend to have large central charge. More precisely,
the correspondence maps a given theory of quantum gravity not just to a single VOA V , but rather to
a whole family {V N}N∈N of VOAs, whose central charges are parametrized by N . Physicists are most
interested in the ‘large central charge limit’, that is the limit of this family for N → ∞. Such limits
have not been defined mathematically, and much less investigated systematically. In this note, we build
on previous work [LM01, BKM15, HR15, BKM16] to define and investigate such limits for permutation
orbifolds of vertex operator algebras.
The starting point of a permutation orbifold is the N -fold tensor product V ⊗N of some ‘seed VOA’
V of central charge c. The tensor product is again a VOA with central charge cN . Its automorphism
group Aut(V ⊗N ) contains as a subgroup the symmetric group SN , which acts by permuting the N tensor
factors. We can thus try to orbifold by any permutation groupGN < SN [KS90,DMVV97,BHS98,Ban98].
A family of permutation groups {GN}N∈N thus leads to a family of VOAs. In this note, we define the
limit of this family, and investigate under what conditions it exists. We find that if it exists, the limit is
naturally given by a vertex algebra V¯ .
To be precise, there are two related questions one can investigate. The first is the existence of a limit
for the fixed point VOAs: For any N , we can define the fixed point VOA V GN of V ⊗N . We can then ask
the question: given a suitable sequence {GN}N∈N, can we define a limit limN→∞ V GN ? We set up the
formalism for this in section 2. We define the notion of nested oligomorphic sequences of permutation
groups [Cam09,BKM15,HR15], and show that if a certain family of group theoretic quantities converges,
then the VOAs V GN converge to a vertex algebra V¯ . The reason V¯ is only a vertex algebra (VA) and
not a vertex operator algebra is simply that its central charge diverges so that the norm of the conformal
vector ω diverges. V¯ probably still contains remnants of the conformal structure of a VOA, but it does
not contain a copy of the Virasoro algebra.
The second and more complicated question is the limit of the orbifold VOAs V orb(GN ). For this let us
assume that V is a holomorphic VOA. We can then try to extend V GN to a holomorphic VOA V orb(GN )
by adjoining a suitable set of modules. For permutation orbifolds, this is always possible if c is a multiple
of 24 [EG18]. The question is then: can we define a limit V¯ orb = limN→∞ V orb(GN )? This is a much
harder problem since now we also need to understand the modules of V GN and their fusion rules and
intertwining operators. We leave a systematic discussion of this for future work. Instead, we present
an example of GN , which circumvents this problem. We show that for GN = GL(N, q), the conformal
weight of any twisted module diverges as N → ∞. The limit VA V¯ thus only contains the fixed point
VA, and no twisted modules, so that
(1) V¯ orb = V¯ .
One reason why this is an interesting example is that we are interested in the growth of the number of
states; that is, we are interested in the asymptotic behavior of dim V¯(n) (or dim V¯
orb
(n) ) as n → ∞. It
is much easier to compute V¯(n) than V¯
orb
(n) , since for the former we do not need to include any twisted
modules. For dim V¯(n), this has been done for various types of oligomorphic orbifolds in [BKM15,KM19].
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2 THOMAS GEMU¨NDEN AND CHRISTOPH A. KELLER
For V¯ orb(n) , this has only been done for the symmetric orbifold [Kel11], for which
(2) log dim V¯ orb(n) ∼ 2pin .
This exponential growth comes from the twisted modules. To obtain a different growth behavior, in
particular, slower growth, orbifolds without twisted modules are needed; the GL(N, q) example given
above is of this type. However, it still grows exponentially fast: we find
(3) log dim V¯ orb(n) ∼ n2 .
Acknowledgments: We thank Jay Taylor for useful discussions. We thank Alexandre Belin and Alex
Maloney for helpful discussions and comments on the draft. TG thanks the Department of Mathematics
at University of Arizona for hospitality. The work of TG is supported by the Swiss National Science
Foundation Project Grant 175494.
2. Oligomorphic Families of Permutation Groups
2.1. Unitary VOAs. Let V be a unitary VOA of CFT type with inner product 〈·, ·〉 and anti-linear
involution θ. (For a comprehensive account of the theory of unitary VOAs, see [DL14].) In particular
this means that
(4) V = C |0〉 ⊕
⊕
n≥1
V(n) .
Let Φ :=
⋃
n≥0 Φn be a homogeneous orthonormal basis of V , that is for a, b ∈ Φ
(5) 〈a, b〉 = δa,b .
For simplicity let us also assume that Φ is real, that is θ(a) = a ∀a ∈ Φ. Define the structure constants
(6) fabc := 〈a, bwt(c)+wt(b)−wt(a)−1c〉 .
We note that f|0〉|0〉|0〉 = 1 and that fabc = 0 if exactly two of the three vectors are equal to |0〉; in physics
language we say that ‘1-point functions vanish’. Fixing all structure constants of the VOA is equivalent
to fixing the state-field map by
(7) Y (b, z)c =
∑
a∈Φ
zwt(a)−wt(b)−wt(c)fabca
Proposition 2.1. Borcherds’ identity is equivalent to the condition
(8)
∑
d∈Φ
(
m
j1
)
fedcfdab =
∑
d∈Φ
(−1)j2
(
n
j2
)
feadfdbc −
∑
d∈Φ
(−1)j3+n
(
n
j3
)
febdfdac ∀ a, b, c, e ,
where j1 = wt(b)+wt(a)−wt(d)−n−1, j2 = wt(c)+wt(b)−wt(d)−k−1, j3 = wt(c)+wt(a)−wt(d)−m−1.
Proof. First note that ji ≥ 0, implies that the sum over d ∈ Φ is finite. Next, Borcherds’ identity can be
written as (see e.g. (4.8.3) in [Kac98])
(9)
∞∑
j=0
(
m
j
)
((an+jb)m+k−jc =
∞∑
j=0
(−1)j
(
n
j
)
am+n−jbk+jc−
∞∑
j=0
(−1)j+n
(
n
j
)
bn+k−jam+jc
Now simply take the inner product of this expression with the basis vector e, and insert a complete basis
d. For a given basis vector d, only one term in the sum over j is non-vanishing: in the last sum for
instance, the term with j = wt(c) + wt(a)− wt(d)−m− 1. 
2.2. Oligomorphic Orbifolds. Let XN := {1, 2, . . . |XN |}, and GN a permutation group of XN . Let V
be a unitary VOA of CFT type as defined above. We define the series a(t) =
∑
n≥0 ant
n with an := |Φn|,
such that a(t) = χV (t)t
c/24 is the shifted character of V . Note that Φ0 = {|0〉} and therefore a0 = 1.
We will denote by
(10) V XN := V ⊗|XN |
the tensor product VOA, and by
(11) V GN := (V XN )GN
the fixed point VOA of the tensor product VOA under GN , with GN acting by permuting factors.
THE LARGE N LIMIT OF ORBIFOLD VERTEX OPERATOR ALGEBRAS 3
To give an expression for the character of V GN , we will use chapter 15.3 of [Cam94] here. Let gN be
a function gN : XN → Φ. We define the weight of gN as
(12) |gN | :=
∑
x∈XN
wt(gN (x)) ,
and its support as
(13) supp(gN ) := {x ∈ XN : gN (x) 6= |0〉} .
σ ∈ GN acts on gN as
(14) (σgN )(x) := gN (xσ−1) .
We define bn(GN ) to be the number of orbits of GN on functions of weight n. The (shifted) character of
V GN is then given by
(15) ZGN (t) =
∑
n≥0
bn(GN )t
n .
This character can also written in terms of the cycle index:
Definition 2.1. Let GN be a permutation group on |XN | elements. For σ ∈ GN , denote the number of
cycles of length k, 1 ≤ k ≤ |XN | in the cycle decomposition of σ by mk(σ). Then the cycle index of GN
is the following polynomial in the variables s1, s2, ...., s|XN |:
(16) χGN (s1, s2, s3, ...., sXN ) =
1
|GN |
( ∑
σ∈GN
s
m1(σ)
1 s
m2(σ)
2 s
m3(σ)
3 · · · smN (σ)|XN |
)
Using Thm 15.3.2 of [Cam94] we can express the fixed point character as
(17) ZGN (t) = χGN (a(t), a(t
2), . . . , a(tN )) .
Before defining oligomorphic permutation orbifolds, let us fix some notation first:
Definition 2.2. Let K ⊂ XN .
(1) Denote by GKN := {σ ∈ GN |kσ ∈ K,∀k ∈ K} the setwise stabilizer of K.
(2) Denote by GˆKN := {σ ∈ GN |kσ = k, ∀k ∈ K} the pointwise stabilizer of K.
(3) Let G(K)N be the permutation group defined by the action of GKN/GˆKN on K. Note that G(K)N
is the restriction of GN to K in the natural sense.
Note that GˆKN is a normal subgroup of G
K
N , so that definition (3) makes sense.
Definition 2.3. Let the family {GN}N∈N satisfy the conditions:
(1) The bn(GN ) converge for all n.
(2) For every finite K, G(K)N converges to some group G(K).
(3) G(XN−1)N < GN−1 for all N .
We then say GN is nested oligomorphic.
Let us give a weaker criterion for condition (1), which also motivates the name oligomorphic. Define
fn(GN ) as the number of orbits of n-element subsets of XN [Cam09]. We then have
Proposition 2.2. Let fn(GN ) be the number of orbits of n-element subsets of XN . Suppose {GN}N∈N
satisfies the nesting condition (3), and fn(GN ) is bounded for all n as N →∞. Then {GN}N∈N satisfies
(1).
Proof. Two different orbits of GN−1 are in different GN orbits due to the nesting condition. It follows
that bn(GN ) grows monotonically in N . To bound bn(GN ), note that for fixed weight n, g
N (x) = |0〉
except for at most n values of x, and that for each of those values gN can take at most A(n) :=
∑n
j=0 aj
values. With fn(GN ) the number of orbits of n-element subsets of XN , we have
(18) bn(GN ) ≤ A(n)nfn(GN ) .
It follows that if the fn(GN ) are bounded, then so are the bn(GN ), which means that they converge. 
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2.3. Space of states. Let BNn be the set of orbits on functions on XN of weight n. Note that
|supp(gN )| ≤ n. For any gN : XN → Φ with weight |gN | = n, define the following vector in the
tensor product VOA V
⊗|XN |
(n) ,
(19) φˆgN =
⊗
x∈XN
g(x) ,
and the following vector in the fixed point VOA V GN(n) ,
(20) φgN = A(g
N , N)−1/2
∑
σ∈GN
φˆσgN ∈ V GN(n)
where A(g,N) is a normalization factor that ensures that 〈φgN , φgN 〉 = 1; we will give an explicit
expression below. Note that two φgN are automatically orthogonal if g
N
1 and g
N
2 are in different orbits:
the inner product between φˆNg1 and φˆ
N
g2 is only non-vanishing if g1 = g2, which means that φ
N
g1 and φ
N
g2
only have non-vanishing terms if g1 and g2 are in the same orbit.
Now let GN be nested oligomorphic. We have:
Proposition 2.3. For N large enough, we can find representatives gN of BNn with supp(gN ) ⊂ XNn ,
such that Nn and g
N |XNn are independent of N .
Proof. Pick Nn such that | BNnn | has converged already. Pick representatives gNn of BNnn , and extend
them to gN by gN (j) = |0〉 if j /∈ XNn . These are in different orbits due to the nesting condition. Since
| BNnn | has converged, we find such a representative for all orbits in BNn . 
Let us denote Bn := BNnn , Xn := XNn and g := gNn . For N ≥ Nn, using (20) we can then define the
embedding
(21) ιN : Bn → V GN(n) , g 7→ φgN ,
where gN is from Prop 2.3. Now let K := supp(gN ). For the normalization factor A(gN , N) we obtain
(22) A(gN , N) =
∑
τ,σ∈GN
〈φˆτgN , φˆσgN 〉 = |GN |
∑
σ∈GN
〈φˆgN , φˆσgN 〉 = |GN |
∑
σ∈GKN
〈φˆgN , φˆσgN 〉
= |GN ||GˆKN |
∑
σ∈G(K)N
〈φˆgN , φˆσgN 〉 =: A(g)|GN ||GˆKN |,
where in the first step we use that 〈φˆτgN , φˆτgN 〉 = 〈φˆgN , φˆgN 〉, in the second step that 〈φˆgN , φˆσgN 〉
vanishes unless supp(gN ) = supp(σgN ) and in the last step that 〈φˆgN , φˆστgN 〉 = 〈φˆgN , φˆσgN 〉 if τg = g.
Note that for N large enough A(g) is indeed independent of N : this follows from the fact that G(K)N
converges to G(K), and all factors in Kc in the inner product give contribution 1.
From the above it follows:
Proposition 2.4. For N ≥ Nn, ιN (Bn) forms an orthonormal basis for V GN(n) .
2.4. Structure constants. Let us now work out explicit expressions for the structure constants of the
fixed point algebra. For gi ∈ B, define
(23) C(gi) = C(g1, g2, g3) :=
XN∏
x=1
fg1(x)g2(x)g3(x)
as the structure constant of the tensor VOA. Note that since f|0〉|0〉|0〉 = 1, the choice of N does not
matter, as long as it is large enough. We have therefore suppressed the N in gNi . Our goal is now to
compute the structure constant of the fixed point VOA,
(24) fNφNg1φ
N
g2
φNg3
=
( 3∏
i=1
A(gi, N)
−1/2
) ∑
σi∈GN
C(σigi) .
To do this, we establish the following expression for the structure constants. Denote the support of gi,
i.e. the set for which gi(j) 6= |0〉 by Ki.
Theorem 2.5. Let GN be nested oligomorphic. We then have
(25) fNφNg1φ
N
g2
φNg3
=
∑
κ∈S
M(κ,N)
∑
σi∈G(Ki)
A(gi)
−1/2C(κiσigi) ,
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where
(26) S = GdiagN \GN ×GN ×GN/GK1N ×GK2N ×GK3N
as a set, where GdiagN is the diagonal subgroup of GN ×GN ×GN , and
(27) M(κ,N) =
(
|GˆK1N ||GˆK2N ||GˆK3N |
|GN ||Gˆκ1K1∪κ2K2∪κ3K3N |2
)1/2
Proof. First note that the sum over σi is indeed well-defined: C(κigi) is invariant under the action of
Gdiag and GˆKiN , and acting with G
Ki
N simply permutes the elements of G(Ki). Similarly |Gˆκ1K1∪κ2K2∪κ3K3N |
is well-defined, since it is invariant under GKiN , which leaves Ki invariant, and GdiagN , which simply gives
an overall conjugation of the stabilizer, leaving its order invariant.
To prove the theorem, first consider the quotient set
(28) S1 = GN ×GN ×GN/(GˆK1N × GˆK2N × GˆK3N ) .
Note that this is not a group since the group with which we quotient is not normal. For our purposes it
is enough that the quotient exists as a set. The diagonal subgroup GdiagN acts on S1 as
(29) τdiag · (σ1GˆK1N , σ2GˆK2N , σ3GˆK3N ) = (τσ1GˆK1N , τσ2GˆK2N , τσ3GˆK3N ) ,
allowing us to define the quotient set
(30) S2 = GdiagN \ S1 .
If GN is nested oligomorphic, then S2 converges as N → ∞: that is, | S2 | converges, and for every
equivalence class we can find an N -independent representative κ2 ∈ S2. To see this note that by the orbit-
stabilizer theorem, S1 is given by the images of K1×K2×K3 under GN ×GN ×GN . Since GN is nested
oligomorphic, by the same argument as prop 2.3 we can find τ such that τ(σ1K1 ∪ σ2K2 ∪ σ3K3) ⊂ XNn
where XNn is independent of N for N large enough, which gives the representative κ.
To compute the length of an orbit [κ2] ∈ S2, we apply the orbit-stabilizer theorem to the action of
GdiagN on S1. For a [κ1] ∈ S1, the stabilizer is given by
(31) Gˆ
κ11K1∪κ12K2∪κ13K3
N ,
so that by the orbit-stabilizer theorem the orbit has length
(32) |[κ2]| = |GN |/|Gˆκ
2
1K1∪κ22K2∪κ23K3
N | .
Note that C(gi) is invariant under both Gˆ
Ki
N and G
diag
N . This means we can write the 3pt function as
(33)
∑
[κ2]∈S2
M¯(κ2, N)C(κ2g)
where M¯(κ;N) is the length of the equivalence class, given by
(34) M¯(κ;N) =
|GN ||GˆK1N ||GˆK2N ||GˆK3N |
|Gˆκ1K1∪κ2K2∪κ3K3N |
.
Again by oligomorphicity we can choose a representative of [κ2] that is N -independent. Next we use the
fact that the G(K) = GKN/GˆKN have a well-defined right action on S2. We can thus decompose S2 as
(35) S := S2 /G(K1)×G(K2)×G(K3)) = GdiagN \GN ×GN ×GN/(GK1N ×GK2N ×GK3N ) ,
using the fact that as sets
(36)
(GN
GˆKN
)/
G(K) ∼= GN/GKN .
Including the normalization (22), we can write
(37) fNφNg1φ
N
g2
φNg3
=
∑
[κ]∈S
M(κ,N)
∑
σi∈GKi
A(gi)
−1/2C(κiσigi) ,
where
(38) M(κ,N) :=
∏
i
(|GN ||GˆKiN |)−1/2M¯(κ,N) =
(
|GˆK1N ||GˆK2N ||GˆK3N |
|GN ||Gˆκ1K1∪κ2K2∪κ3K3N |
)1/2

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Using the above results, we can now define a limit VA in the following way:
Theorem 2.6. Assume V is a unitary VOA of CFT type, GN is nested oligomorphic, and the limit
(39) fg1g2g3 := lim
N→∞
fNg1g2g3 .
exists for all g1, g2, g3, where f
N
g1g2g3 denotes the structure constant of the VOA V
GN . Then define
V¯ =
⊕∞
n=0 V(n) with
(40) V(n) :=
⊕
g∈Bn
Cφg
and
(41) Y (φg2 , z)φg3 =
∑
g1
fg1g2g3φg1z
|g1|−|g2|−|g3| .
Then (V, Y ) defines a Vertex Algebra.
Proof. For finite N we have fN
φNg1
φNg2
φN|0〉
= δφNg1 ,φ
N
g2
for |g1| = |g2|. This also holds for the limit, so that
indeed Y (a, z)|0〉 = a + O(z). Similarly, since the fN satisfy (8) for all N , and the sum is over a finite
and N -independent number of terms, we can exchange sum and limit. It then follows that the limit also
satisfies (8). 
To establish the existence of the N →∞ limit, it is thus enough to ensure that M(κ,N) converges:
Corollary 2.7. If GN is nested oligomorphic and M(κ,N) converges for all κ, then the fixed point VOA
V GN has a large N VA limit.
2.5. An example: SN . Let us briefly discuss the best known example of a permutation orbifold VOA
with a large N limit, namely GN = SN . SN is nested oligomorphic: in particular fK = 1, Gˆ
K
N = SN−K ,
GKN = SN−K × SK , SN |XN−1 = SN−1. To show that the limit exist, we simply need to show that
M(κ,N) converges.
To evaluate M(κ,N), we need to find |κ1K1 ∪ κ2K2 ∪ κ3K3|. To do this, first note that C(κigi)
vanishes if there is x ∈ XN such that κigi(x) = |0〉 for exactly two of the three indices i. We can
thus restrict to configurations κ where for all x ∈ κ1K1 ∪ κ2K2 ∪ κ3K3, κigi(x) = |0〉 for either one
or zero values of i. For fixed κ, define by n3(κ) := |κ1K1 ∩ κ2K2 ∩ κ3K3|, that is the number of x
such that κigi(x) 6= |0〉 for i = 1, 2, 3. It turns out that because of this, n3(κ) completely determines
|κ1K1 ∪ κ2K2 ∪ κ3K3| [BKM16]: For any subsets Ki we have
|K1 ∪ K2 ∪ K3| = |K1|+ |K2| − |K1 ∩ K2|+ |K3| − |(K1 ∪ K2) ∩ K3|
= |K1|+ |K2| − |K1 ∩ K2|+ |K3| − |K1 ∩ K3| − |K2 ∩ K3|+ |K1 ∩ K2 ∩ K3|.
Due to the remark above about 1-point functions vanishing, a configuration gives vanishing contribution
unless the Ki satisfy
|K1| = |K1 ∩ K2|+ |K1 ∩ K3| − |K1 ∩ K2 ∩ K3|
|K2| = |K2 ∩ K3|+ |K1 ∩ K2| − |K1 ∩ K2 ∩ K3|
|K3| = |K3 ∩ K1|+ |K2 ∩ K3| − |K1 ∩ K2 ∩ K3|.
Adding up gives
(42) |K1 ∩ K2|+ |K2 ∩ K3|+ |K3 ∩ K1| = 1
2
(|K1|+ |K2|+ |K3|+ 3|K1 ∩ K2 ∩ K3|) ,
which after substituting gives
(43) |κ1K1 ∪ κ2K2 ∪ κ3K3| = 1
2
(K1 +K2 +K3 − n3(κ)) ,
so that
(44) M(κ,N) =
(
(N −K1)!(N −K2)!(N −K3)!
N !(N − 12 (K1 +K2 +K3 − n3(κ)))!2
)1/2
.
Using Stirling’s approximation it follows that for n3 > 0
(45) M = O(N−n3(κ)/2)
for N →∞, and for n3 = 0
(46) M → 1 .
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This shows that the family V SN has a large N limit. In fact, it even establishes a stronger result: In
the large N limit, only configurations with n3(κ) = 0 contribute. This implies that SN orbifolds become
free theories in the large N limit — see [BKM16].
3. The limit of GL(N, q) orbifolds
Let us now discuss another class of permutation orbifolds, based on the finite groups GL(N, q). Let q
be such that Fq is a field. GL(N, q) is the general linear group of the finite vector space F
N
q , which has
|FNq | = qN elements. Since any element of GL(N, q) is a bijective map, the action of GL(N, q) on FNq
defines a permutation group acting on qN elements. Now let XN = F
N
q (as a set). Then GL(N, q) acts
on V F
N
q as a permutation group. We want to show that V orb(GL(N,q)) has a large N limit.
Lemma 3.1. Let fn be the number of orbits of n-element subsets. We then have:
(47) log fn(GL(N, q)) =
n2
4
log q +O(n log n) .
Proof. Take a set K of n vectors in FNq . Pick N ≥ n. Denote by K the subspace spanned by K, and let
K := dimK. We can always find a σ ∈ GL(N, q) which maps the K independent vectors in K to the unit
vectors e1, e2 . . . eK . The remaining n−K linearly dependent vectors then live in the subspace spanned
by the ei, which contains q
K vectors. It follows that there are at most qK(n−K) different orbits. The
total number of different orbits is thus bounded by
(48) fn ≤
n∑
K=0
qK(n−K) ≤ (n+ 1)qn2/4 .
On the other hand we can bound fn from below by picking K = n/2 linearly independent vectors, and
choosing the remaining n/2 dependent vectors from their span, giving
(49) fn ≥
(
qn/2
n/2
)
∼ qn2/4n−n .

Proposition 3.2. The family (GL(N, q))N is nested oligomorphic. Moreover in the limit N → ∞ the
bn(GN ) grow like
(50) log bn = αn
2 + o(n2)
for some constant α. If the seed V has dimV(1) > 0, we have α = log q/4.
Proof. With the same notation as above, we have
(51) GKN ' GL(K, q)×GL(N −K, q)
and
(52) GˆKN ' GL(N −K, q)
such that G(K) = GL(K, q). Clearly we also have GL(N, q)|XN−1 = GL(N − 1, q), so that using propo-
sition 2.2, we use lemma 3.1 to establish that the fn(GL(N, q)) are bounded.
To show (50), note that in (18) we can bound A(n) < eC
√
n, which gives an upper bound on bn of
the form (50). On the other hand we can use the lower bound fn to establish the lower bound on bn.
If dimV(1) > 0, then we take the function g(x) = a ∈ V(1)∀x ∈ supp(g), and else g(x) = ω ∈ V(2)∀x ∈
supp(g), with ω the conformal vector. This vector has weight n and 2n respectively, which leads to the
bounds bn ≥ fn and b2n ≥ fn. 
We can now use nested oligomorphicity to establish that a N →∞ limit exists:
Proposition 3.3. The fixed point VOA for the orbifold group GL(N, q) has a large N limit.
Proof. To evaluate M(κ,N), we use (52) together with the asymptotic expression
(53) |GL(N, q)| = qN2φ(q−1)(1 +O(q−N )) ,
where φ(q) is Euler’s function
φ(q) =
∞∏
n=1
(1− qn).
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To obtain |Gˆκ1K1∪κ2K2∪κ3K3N | = |GL(N − dim(K1 + K2 + K3), q)|, we repeat an argument similar to
section 2.5. Namely we have the inequality
(54) dim(K1 + K2 + K3) = K1 +K2 − dim(K1 ∩ K2) +K3 − dim((K1 + K2) ∩ K3)
≤ K1 +K2 +K3 − dim(K1 ∩ K2)− dim(K2 ∩ K3)− dim(K1 ∩ K3) + dim(K1 ∩ K2 ∩ K3) .
Next, because again 1-point functions vanish, it follows that K1 ⊂ K2 + K3. This means that we have
(55) K1 = dim(K1 ∩ K2) + dim(K1 ∩ K3)− dim(K1 ∩ K2 ∩ K3) ,
and similar for K2 and K3. Adding everything together as above gives
(56) dim(K1 + K2 + K3) ≤ 1
2
(K1 +K2 +K3 − dim(K1 ∩ K2 ∩ K3)) .
Defining n3(κ) := dim〈κ1K1 ∩ κ2K2 ∩ κ3K3〉, we have
(57) dim〈κ1K1 ∪ κ2K2 ∪ κ3K3〉 ≤ 1
2
(K1 +K2 +K3 − n3(κ)) .
For n3 > 0 this gives the asymptotic expression
(58) M = O(q−Nn3) ,
and for n3 = 0 and dim〈κ1K1 ∪ κ2K2 ∪ κ3K3〉 = 12 (K1 +K2 +K3) we have
(59) M → 1 .
This again shows that three point functions converge as m→∞, and also that V¯ is free. 
By [EG18] there are holomorphic extensions V orb(GL(N,q)) for all N . We want to establish that these
have the following limit:
Theorem 3.4. Let V be a unitary holomorphic VOA of CFT type with c = 24N. Then the family of
holomorphic orbifolds V orb(GL(N,q)) has a large N VA limit V¯ orb which is equal to the limit V¯ of the fixed
point VOAs V GL(N,q).
To prove this, we need to establish that any twisted modules have divergent conformal weight as
N →∞. To this end we establish the following lemmata.
Lemma 3.5. Let g ∈ GN be a permutation of order n and cycle type Cg =
∏
t|n t
bt acting on the
holomorphic VOA V ⊗N of central charge Nc. Then the conformal weight of the unique irreducible
g-twisted module is given by
(60) ρg =
c
24
∑
t|n
bt
(
t− 1
t
)
.
Proof. This follows from taking the S transform of the twining character with g inserted, and reading
off the conformal weight from its expansion. 
Corollary 3.6. Let g have N−r 1-cycles. Then the conformal weight of the irreducible g-twisted module
is bounded from below by
(61) ρg >
rc
32
.
Proof. Lemma 3.5 shows that for every t-cycle of g there is a contribution of c24
(
t− 1t
)
to the conformal
weight. We thus find that the contribution per element in a t-cycle is given by
(62) ρt =
c
24
t2 − 1
t2
>
c
32
.

Corollary 3.7. Let GL(N, q) act on V ⊗q
N
by permutation. Then for any non-identity element g ∈
GL(N, q) the conformal weight of the g-twisted sector is bounded from below by
(63) ρg >
(q − 1)Nc
32
.
Proof. Let {vi} be a basis of FNq . If g ∈ GL(N, q) is not the identity there is a non-invariant basis
element v1. Now for any other basis element vi either vi is non-invariant or v1 + vi is non-invariant. In
particular, if any element v is not invariant, neither is αv for any α ∈ F∗q . Thus FNq contains at least
(q − 1)N non-invariant elements and the desired result follows from Corollary 3.6. 
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Figure 1. Growth of bn for V¯
orb for SN vs GL(N, 2). For concreteness we chose V = V
3
E8
.
This establishes theorem 3.4.
Finally, let us briefly discuss the relevance of the GL(N, q) orbifold for the growth of bn. For general
permutation orbifolds, the twisted modules tend to give exponential growth. More precisely, if there is
a conjugacy class in GN of total non-trivial cycle length n, then usually one gets log bn ∼ 2pin [BKM15].
This is in particular what happens for the SN orbifold [Kel11]. The GL(N, q) orbifold circumvents
this because all its non-trivial conjugacy classes g give modules which satisfy corollary 3.7. However,
despite not having any contributions from the twisted modules, the bn(GL(N, q)) still grow faster than
the bn(SN ), as can be seen in figure 1. Nonetheless, the GL(N, q) represents a new growth behavior,
different from the ones found so far in the literature [KM19].
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